A Point of inflection problem

Question (@) Findtherange for which the function: f(x) =xsin(Inx), x>0
is (i) concave (ii) convex @ ;
(b) Hencefind the point(s) of inflection of the function.
Solution

(@ f'(x)=sin(|nx)+xcos(|nx)><1
X

=sin (Inx) + cos (In x) (eql)
f,,(X)zcos(lnx)):sin(lnx) (eq2)
f"‘(x)=—w (eq 3)

(i) Thefunction f(x) is concave upwardsif f"(x)>0. (For strict concavity, weuse f''(x) >0.)
cos(Inx) —sin(Inx) >0
cos (Inx) > sin (Inx) (See Note 1 at the end of thisarticle.)
By drawing sine and cosine graphs and noting the intervals, we get:

Inx e {(2n—1)n+% : 2nn+%} ,N=0,+1+2 ..

(2n—1)r:+E 2nm+t
Xe|e 4,e 4 ,nN=0,+142,...

(ii) Thefunction f(x) is convex upwardsif f''(x) <0.
cos(Inx) —sin(Inx) <0

cos (Inx) <sin(Inx)

Inx e {2nn+%, (2n +1)n+%} ,N=0,£1+2 ...

2nm+Z (2n+1)n+E
Xxele * e 4 ,n=0,+142,...

(b) f" (x) changessignas x increasesthrough the following of points.

(2n-1)n+"

1 x=e 4 ,n=0,£1%2,...

n
2nm+—

2 x=e 4 ,n=0,£1%2,...

There may be two sets of points of inflection:

For the pointsin Set (1), the function changes from convex upwards to concave upwards.

For the pointsin Set (2), the function changes from concave upwards to convex upwards.




The function is aso well-defined and continuous at the pointsin both Set (1) and Set (2).

The corresponding valuesof y  can be found by substitutingin  f(x) = x sin (In x):

(1a) (X y) 3 [e(an)THZ 1 e(2n—l)n+% n-0 +1'+2
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V2

Let usinvestigate the problem more closely.
By substituting both sets into the second derivativesin eq (2), we get:

(2n-D)ns ™ Cos[(zn_l)ﬂ‘*'n}—Sin[(Zn—l)TE+n}
(1b) f"(e " 4} 4 al_,

e(2n—1)n+%

,[ cos{Znn + n} —sin{Znn + n}
" 2nr:+Z _ 4 4
(2b) f (e J = 0

2nm+
4

e
.. Both set (1) and set (2) give the points of inflection.

Thethird derivative "' (x) of eq(3) givessome moreinsight:
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Following the result of third derivative test :

2005{2nn+ﬁ} 5
J - 4l <0

(20) f"'[ezm

(1d) For set (1), the function changes from convex upwards to concave upwards. (f /(x) <0tof "(x) > 0)

(2d) For set (2), the function changes from concave upwards to convex upwards. (f "(x) > 0to f "’(x) < 0)

Note: (1) cos(Inx)=sin(Inx) = tan(lnx)<1 isnotcorrectas cos(Inx) canbe negative.
(2) Bysetting f”(x)=0 = cos(Inx) =sin(Inx) = tan(lnx) =1,
We get Inx:mn+%, x=g 4 m=0,+1+2,..

It is not easy to see that this set can be broken to two different sets of inflectiona points.
Hereinfact weshouldtake m=2n-1 and m=2n cases.



